11.4: The Comparison Test and Limit Comparison Test.

Much like we did with the comparison test for improper integrals in 7.8, we can sometimes determine the convergence of a series Zan by

n=1

comparing it to a known series an

n=1

The Comparison Test

If Eanand an are both series consisting of positive terms (or ulimately positive)

n=1 n=l1

i) If an is convergent and bn 2 a  then zan is

n=1 n=1

ii) If an is divergent and bn an then Zan is divergent

n=1 n=1

Why would this be?

Examples:
> 2
n=1 1 +n =1 n — 5



Important notation detail:

Examples:
>
n=l1 l’l2—5

We compare terms of series, not series them selves

We discuss convergence of series, not of terms of series.

have to get creative

oo

Inn

3
n=1

1 n!

n=

useful fact:

useful fact:



Limit Comparison Test

- - . a
If Zanand an are both series consisting of positive terms (or ulimately positive) and if € = lim — , then

n—e h
n=1 n=1 n

If Cis finite and C > 0 the both series converge or both series diverge.

Example:
>—— >
— 27
n=t - —N =l N B +7
— Inn
note:
n3



Review thus far:

What about series with all negative terms?

What about series which are neither ultimately positive nor ultimately negative?

— n _ n—17 .
In particular, consider Alternating Series: Zan - Z(_l) bn or Zan = Z(_l) bna b,, >0
n=1 n=1 n=1 n=1



11.5 Alternating Series Test

N N n N N n—1 .
Here we examine series of the form Zan = Z(_l) bn or Zan = 2(_1) bna b,, >0
n=1 n=1 n=1 n=1

i(_l)n_lzl_ +l_—-|—
Motivating Example: — n 2 3
q=__ _4,=__ ,d=__ .4 =
blz 9b2: ,b3:—, ..bn:—

Consider the sequence of partial sums:

Visualizing this graphically:
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Alternating Series Test If the alternating series

2(_1)"_Ib"=bl_b2+b3_b4+b5_b6+"' bn>0
n=1
satisfies
(i) bn+l = bn fOl' a" n

(i) limb, =0

n-—»>%

then the series is convergent.

oo _1 n—1
Z( )

= Inn
i (-=1)"3n
4dn—1




Error Estimate for AST

In general, we have

OR.

Sum must be” trapped” between successive terms of the sequence of partial sums.

So the error in approximating S by Sn is

R =|S-__ |<|S. -S|=

n+l n

Example:

= (—1)""
Z( )

n=1 n

1 1 1. 1 1 1 1

1
(a) Estimate the sum using S So=l-=+-—"—"+-——F-—-+———

345 6 7 8 9 10

(b) What is the bound on the error if S, is used to approximate S.

(c) How many terms would be needed to obtain an error < 0.05?



11.6 Absolute Convergence, Ratio Test and Root Test

Absolute Convergence:

n=1 n=1

For example:

- 1)"—1 o (= 1)"1
(1) If z 2 = then 0 —2 =

n=1 n=1 n=

In this case, both are -

However,

oo

(_ l)n—l B

(2) If i{an:i‘(_l)m1= then i‘an|=z

n=1 n=1 n=l1 n=l1

n

In. this case
o0 oo (_l)n—l ] oo oo (_1)}171
a=>y ; while Y|a |=3" =
n=1 n=1 n=1 n=1
A series Za is called if the series Z a,| is convergent.
n
n=1 n=1

oo

, Zan is called

n=1 n=1




How does absolute convergence relate to “regular” convergence?

Theorem: If zan is abolutley convergent then it is convergent, that is: ABSOLUTE CONVERGENCE = CONVERGENCE

n=1

Proof:

What about converse?

Classification Strategy

Infinite Series

Ye N

=]

Diverges Converges

v L
Absolutely Conditionally
Convergent Convergent

Example: From last section

oo (_l)n—l oo (_l)n—l
2 2

n=1 n=1 ln I’l

-—

10



Ratio Test

Idea: Recall geometric series:

n+l
a, ~ ___ andthe geometric series converges for
a
. . . e [ < .
It seems plausible that for a general series (not necessarily geometric) if | 4 _______ as n—> oo then the series
n

The Ratio Test

x

(i) If lim = L < 1, then the series 2, a, is absolutely convergent

Lamd dn n=1

api

(and therefore convergent).

x

ve . apy . aps) . .
(ii) If lim =L > 1orlim = o, then the series 2, a, is
n—s>x a, n—x a, n=|

divergent.
(ln']

(111) If lim = ], the Ratio Test is inconclusive: that is, no conclusion

n—o% a"

can be drawn about the convergence or divergence of X a,.

See proof which uses the comparison test for our series to a geometric series.
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Examples:

2( 1)"n!
— 10"

2"n!
”_]L—l)‘ 5-8-11- “(3n + 2)

[ o]

(2n+1)!
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The Root Test

The Root Test

x

(i) If lim {/|a,| = L < 1,then the series 2, a, is absolutely convergent

n—x

(and therefore convergent).

n=]

x

(ii) Iflim ¢|a,| = L > lor lim {/|a,| = =, then the series >, a, is
n—>% n—>% =l
divergent.
(111) If lim Q/'|a,,| = |, the Root Test is inconclusive.

n—%x

This is also proved by comparing to a geometric series.

Examples:

iL i(—l)“ez" Sl
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11.7 Putting it all together — Strategies and Practice!

Heirachy:

Summary of Tests:
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